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Section I. 

Introductory, 

1. Objects and results of the investigation.—ThB results of this investigation have 
both a practical and a philosophical aspect. 

In their practical aspect they relate to the law of resistance to the motion ofivater 
in pipes, which appears in a new form, the law for all velocities and all diameters 
being represented by an equation of two terms. 

In their philosophical aspect these results relate to the fundamental principles of 
fluid motion ; inasmuch as they afford for the case of pipes a definite verification of 
two principles, which are — that the general character of the motion of fluids in contact 
with solid surfaces depends on the relation betiveen a physical constant of the fluid and 
the product of the linear dimensions of the space occupied by the fluid and the velocity. 

The results as viewed in their philosophical aspect were the primary object of the 
investigation. 

As regards the practical aspect of the results it is not necessary to say anything by 
way of introduction ; but in order to render the philosophical scope and purpose of the 
investigation intelligible it is necessary to describe shortly the line of reasoning which 
determined the order of investigation. 

2. The leading features of the motion of actual fluids. — Although in most ways the 
exact manner in which water moves is difficult to perceive and still more difficult to 
define, as are also the forces attending such motion, certain general features both of 
the forces and motions stand prominently forth, as if to invite or to defy theoretical 
treatment. 

The relations between the resistance encountered by, and the velocity of, a solid 
body moving steadily through a fluid in which it is completely immersed, or of water 
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moving through a tube, present themselves mostly in one or other of two simple forms. 
The resistance is generally proportional to the square of the velocity, and when this is 
not the case it takes a simpler form and is proportional to the velocity. 

Again, the internal motion of water assumes one or other of two broadly distinguish- 
able forms — either the elements of the Jfluid follow one another along lines of motion 
which lead in the most direct manner to their destination, or they eddy about in sinuous 
paths the most indirect possible. 

The transparency or the uniform opacity of most fluids renders it impossible to see 
the internal motion, «o that, broadly distinct as are the two classes (direct and sinuous) 
of motion, their existence would not have been perceived were it not that the surface 
of water, where otherwise undisturbed, indicates the nature of the motion beneath. 
A clear surface of moving water has twu appeartir^ccs, the one like that of plate- glass, 
in which objects are reflected without distortion, the other like that of sheet glass, m 
which the reflected objects appear crumpled up and grimacing. These two characters 
of surface correspond to the two characters of motion. This may be shown by 
adding a few streaks of highly coloured water to the clear moving water. Then 
although the coloured streaks may at first be irregular, they will, if there are no 
eddies, soon be drawn out into even colour bands ; whereas if there are eddies they 
will be curled and whirled about in the manner so familiar with smoke, 

3. Connexion betiveen the leading features of fluid motion. — These leading features 
of fluid motion are well known and are supposed to be more or less connected, but it 
does not appear that hitherto any very determined efibrts have been made to trace a 
definite connexion between them, or to trace the characteristics of the circumstances 
under which they are generally presented. Certain circumstances have been definitely 
associated with the particular laws of force. Eesistance, as the square of the velocity, 
is associated with motion in tubes of more than capillary dimensions, and with the 
motion of bodies through the water at more than insensibly small velocities, while 
resistance as the velocity is associated with capillary tubes and small velocities. 

The equations of hydrodynamics, although they are applicable to direct motion, ^.e., 
without eddies, and show that. then the resistance is as the velocity, have hitherto 
thrown no light on the circumstances on which such motion depends. And although 
of late years these equations have been applied to the theory of the eddy, they have 
not been in the least applied to the motion of water which is a mass of eddies, i.e., in 
sinuous motion, nor have they yielded a clue to the cause of resistance varying as the 
square of the velocity. Thus, while as applied to waves and the motion of water in 
capillary tubes the theoretical results agree with the experimental, the theory of 
hydrodynamics has so far failed to aiSbrd the slightest hint why it should explain 
these phenomena, and signally fail to explain the law of resistance encountered by 
large bodies moving at sensibly high velocities through water, or that of water in 
sensibly large pipes. 

This accidental fitness of the theory to explain certain phenomena while entirely 
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failing to explain others, affords strong presumption that there are some fundamental 
principles of fluid motion of which due account has not been taken in the theory. 
And several years ago it seemed to me that a careful examination as to the connexion 
between these four leading features, together with the circumstances on which they 
severally depend, was the most likely means of finding the clue to the principles 
overlooked. 

4. Space and velocity. — The definite association of resistance as the square of the 
velocity with sensibly large tubes and high velocities, and of resistance as the velocity 
with capillary tubes and slow velocities seemed to be evidence of the very general and 
important influence of some properties of fluids not recognised in the theory of 
hydrodynamics. 

As there is no such thing as absolute space or absolute time recognised in 
mechanical philosophy, to suppose that the character of motion of fluids in any way 
depended on absolute size or absolute velocity, would be to suppose such motion 
without the pale of the laws of motion. If then fluids in their motions are subject 
to these laws, what appears to be the dependance of the character of the motion on 
the absolute size of the tube and on the absolute velocity of the immersed body, must 
in reality be a dependance on the size of the tube as compared with the size of some 
other object, and on the velocity of the body as compared with some other velocity. 
What is the standard object and what the standard velocity which come into com- 
parison with the size of the tube and the velocity of an immersed body, are questions 
to which the answers were not obvious. Answers, however, were found in the 
discovery of a circumstance on which sinuous motion depends. 

5. The effect of viscosity on the character of fluid motion. — The small evidence 
which clear water shows as to the existences of internal eddies, not less than the 
difficulty of estimating the viscous nature of the fluid, appears to have hitherto 
obscured the very important circumstance that the more viscous a fluid is, the less 
"prone is it to eddying or sinuous motion. To express this definitely— if /x, is the 

viscosity and p the density of the fluid — for water ~ diminishes rapidly as the 

temperature rises, thus at 5° C. ~ is double what it is at 45^ C. What I observed was 

that the tendency of water to eddy becomes much greater as the temperature rises. 

Hence connecting the change in the law of resistance with the birth and 
development of eddies, this discovery limited further search for the standard distance 
and standard velocity to the physical properties of the fluid. To follow the line of 
this search would be to enter upon a molecular theory of liquids, and this is beyond my 
present purpose. It is sufficient here to notice the well known fact that 

-ox a 
9 

is a quantity of the nature of the product of a distance and a velocity. 
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It is always difficult to trace the dependance of one idea on another. But it may- 
be noticed that no idea of dimensional properties as indicated by the dependance of 
the character of motion on the size of the tube and the velocity of the fluid, occurred 
to me until after the completion of my investigation on the tra,nspiration of gases, in 
which was established the dependance of the law of transpiration on the relation 
between the size of the channel and the mean range of the gaseous molecules. 

6. Evidence of dimensional properties in the equations of motion, — ^^The equations of 
motion had been subjected to such close scrutiny, particularly by Professor Stokes, 
that there was small chance of discovering anything new or faulty in them. It seemed 
to me possible, however, that they might contain evidence which had been overlooked, 
of the dependance of the character of motion on a relation between the dimensional 
properties and the external circumstances of motion. Such evidence, not only of 
a connexion but of a definite connexion, was found, and this without integration. 

If the motion be supposed to depend on a single velocity parameter U, say the 
mean velocity along a tube, and on a single linear parameter c, say the radius of the 
tube ; then having in the usual manner eliminated the pressure from the equations, 
the accelerations are expressed in terms of two distinct types. In one of which 

XJ2 



C^ 



is a factor, and in the other 



pc^ 



is a factor. So that the relative values of these terms vary respectively as U and 

It 
cp 

This is a definite relation of the exact kind for which I was in search. Of course 
without integration the equations only gave the relation without showing at all in 
what way the motion might depend upon it. 

It seemed, however, to be certain if the eddies were owing to one particular cause, 
that integration would show the birth of eddies to depend on some definite value of 

opV 

7. The cause of eddies, — There appeared to be two possible causes for the change of 
direct motion into sinuous. These are best discussed in the language of hydro- 
dynamics, but as the results of this investigation relate to both these causes, which, 
although the distinction is subtle, are fundamentally distinct and lead to distinct 
results, it is necessary that they should be indicated. 

The general cause of the change from steady to eddying motion was in 1843 pointed 
out by Professor Stokes as being that under certain circumstances the steady motion 
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becomes unstable, so that an indefinitely small disturbance may lead to a change to 
sinuous motion. Both the causes above referred to are of this kind, and yet they are 
distinct, the distinction lying in the part taken in the instability by viscosity. 

If we imagine a fluid free from viscosity and absolutely free to glide over solid 
surfaces, then comparing such a fluid with a viscous fluid in exactly the same motion — 

(1.) The frictionless fluid might be instable and the viscous fluid stable. Under 
these circumstances the cause of eddies is the instability as a perfect fluid, the effect 
of viscosity being in the direction of stability. 

(2.) The frictionless fluid might be stable and the viscous fluid unstable, under 
which circumstances the cause of instability would be the viscosity. 

It was clear to me that the conclusions I had drawn from the equations of motion 
immediately related only to the first cause ; nor could I then perceive any possible 
way in which instability could result from viscosity. All the same I felt a certain 
amount of uncertainty in assuming the first cause of instability to be general. This 
uncertainty was the result of various considerations, but particularly from my having 
observed that eddies apparently come on in very different ways, according to a very 
definite circumstance of motion, which may be illustrated. 

When in a channel the water is all moving in the same direction, the velocity being 
greatest in the middle and diminishing to zero at the sides, as indicated by the curve 
in fig. 1, eddies showed themselves reluctantly and irregularly; whereas when the 
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Fig. 2. 




water on one side of the channel was moving in the opposite direction to that on the 
other, as shown by the curve in fig. 2, eddies appeared in the middle regularly and 

readily. 

8. Methods of investigation. — There appeared to be two ways of proceeding — the 
one theoretical, the other practical. 

The theoretical method involved the integration of the equations for unsteady 
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motion in a way that had not been accomplished and which, considering the general 
intractability of the equations, was not promising. 

The practical method was to test the relation between U, -• and c ; this, owing to 

/> ^ 

the simple and definite form of the law, seemed to offer, at all events in the first 
place, a far more promising field of research. 

The law of motion in a straight smooth tube offered the simplest possible circum- 
stances and the most crucial test. 

The existing experimental knowledge of the resistance of water in tubes, although 
very extensive, was in one important respect incomplete. The previous experiments 
might be divided into two classes : (1) those made under circumstances in which the 
law of resistance was as the square of the velocity, and (2) those made under circum- 
stances in which the resistance varied as the velocity. There had not apparently been 
any attempt made to determine the exact circumstances under which the change of law 
took place. 

Again, although it had been definitely pointed out that eddies would explain 
resistance as the square of the velocity, it did not appear that any definite experi- 
mental evidence of the existence of eddies in parallel tubes had been obtained, and 
much less was there any evidence as to whether the birth of eddies was simultaneous 
with the cha.nge in the law of resistance. 

These open points may be best expressed in the form of queries to which the 
answers anticipated were in the afiirmative. 

(1.) What was the exact relation between the diameters of the pipes and the 
velocities of the water at which the law of resistance changed ? 

Was it at a certain value of 

(2.) Did this change depend on the temperature, ix*, the viscosity of water ? Was 
it at a certain value of 

p — . 

(3.) Were there eddies in parallel tubes ? 

(4.) Did steady motion hold up to a critical value and then eddies come in ? 

(5.) Did the eddies come in at a certain value of 

(6.) Did the eddies first make their appearance as small and then increase gradually 
with the velocity, or did they come in suddenly ? 

The bearing of the last query may not be obvious; but, as will appear in the 
sequel, its importance was such that, in spite of satisfactory answers to all the other 
queries, a negative answer to this, in respect of one particular class of motions, led me 
to the reconsideration of the supposed cause of instability. 
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The queries, as they are put, suggest two methods of experimenting :— 

(1.) Measuring the resistances and velocities of different diameters, and with 
different temperatures of water. 

(2.) Visual observation as to the appearance of eddies during the flow of water 
along tubes or open channels. 

Both these methods have been adopted, but, as the questions relating to eddies 
had been the least studied, the second method was the first adopted. 

9. Experiments by visual observation. — The most important of these experiments 
related to water moving in one direction along glass tubes. Besides this, however, 
experiments on fluids flowing in opposite directions in the same tube were made, also 
a third class of experiments, which related to motion in a flat channel of indefinite 
breadth. 

These last-mentioned experiments resulted from an incidental observation during 
some experiments made in 1876 as to the effect of oil to prevent wind waves. As 
the result of this observation had no small influence in directing the course of this 
investigation, it may be well to describe it first. 

10. Eddies caused by the wind beneath the oiled surface of water. — A few drops of 
oil on the windward side of a pond during a stiff* breeze, having spread over the pond 
and completely calmed the surface as regards waves, the sheet of oil, if it may be so 
called, was observed to drift before the wind, and it was then particularly noticed that 
while close to, and for a considerable distance from the windward edge, the surface 
presented the appearance of plate glass ; further from the edge the surface presented 
that irregular wavering appearance which has abeady been likened to that of sheet 
glass, which appearance was at the time noted as showing the existence of eddies 
beneath the surface. 

Subsequent observation confirmed this first view. At a sufficient distance from the 
windward edge of an oil-calmed surface there are always eddies beneath the surface 
even when the wind is light. But the distance from the edge increases rapidly as the 
force of the wind diminishes, so that at a limited distance (10 or 20 feet) the eddies 
will come and go with the wind. 

Without oil I was unable to perceive any indication of eddies. At first I thought 
that the waves might prevent their appearance even if they were there, but by careful 
observation I convinced myself that they were not there. It is not necessary to 
discuss these results here, although, as will appear, they have a very important 
bearing on the cause of instability. 

11. Experiments by means of colour bands in glass tubes.— These were undertaken 
early in^l880 ; the final experiments were made on three tubes, Nos. 1, 2, and 3. The 
diameters of these were nearly 1 inch, ^ inch, and |- inch. They were all about 4 feet 
6 inches long, and fitted with trumpet mouthpieces, so that water might enter with- 
out disturbance. 

The water was drawn through the tubes out of a large glass tank, in which the 
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tubes were immersed, arrangements being made so that a streak or streaks of highly 
coloured water entered the tubes with the clear water. 

The general results were as follows : — 

(1.) When the velocities were sufficiently low, the streak of colour extended in a 
beautiful straight line through the tube, fig. 3. 



Fig. 3. 



(2.) If the water in the tank had not quite settled to rest, at sufficiently low 
velocities, the streak would shift about the tube, but there was no appearance of 
sinuosity. 

(3.) As the velocity was increased by small stages, at some point in the tube, always 
at a considerable distance from the trumpet or intake, the colour band would all at 
once mix up with the surrounding water, and fill the rest of the tube with a mass of 
coloured water, as in fig. 4. 




Any increase in the velocity caused the point of break down to approach the 
trumpet, but with no velocities that were tried did it reach this. 

On viewing the tube by the light of an electric spark, the mass of colour resolved 
itself into a mass of more or less distinct curls, showing eddies, as in fig. 5. 



Fig. 5. 
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The experiments thus seemed to settle questions 3 and 4 in the affirmative, the 
existence of eddies and a critical velocity. 

They also settled in the negative question 6, as to the eddies coming in gradually 
after the critical velocity was reached. 

In order to obtain an answer to question 5, as to the law of the critical ^velocity, 
the diameters of the tubes were carefully measured, also the temperature of the 
water, and the rate of discharge. 

(4.) It was then found that, with water at a constant temperature, and the tank 
as still as could by any means be brought about, the critical velocities at which the 
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eddies showed themselves were almost exactly in the inverse ratio of the diameters 
of tlie tubes. 

(5.) That in all the tubes the critical velocity diminished as the temperature 
increased, the range being from 5° C. to 22° C. ; and the law of this diminution, so far 
as could be determined, was in accordance with Poisetjille's experiments. Taking T 
to express degrees centigrade, then by Poisexjille's experiments, 

^ oc P=(l+0'0336 T+0-00221 T^)"^ 

taking a metre as the unit, U^ the critical velocity, and D the diameter of the tube, 
the law of the critical point is completely expressed by the formula 

^* — B, D 

where 

B, = 4379 

logB,= 1-64139 

This is a complete answer to question 5. 

During the experiments many things were noticed which cannot be mentioned here, 
but two circumstances should be mentioned as emphasizing the negative answer to 
question 6. In the first place, the critical velocity was much higher than had been 
expected in pipes of such magnitude, resistance varying as the square of the velocity 
had been found at very much smaller velocities than those at which the eddies 
appeared when the water in the tank was steady ; and in the second place, it was 
observed that the critical velocity was very sensitive to disturbance in the water 
before entering the tubes ; and it was only by the greatest care as to the uniformity 
of the temperature of the tank and the stillness of the water that consistent results 
were obtained. This showed that the steady motion was imstable for large 
disturbances long before the critical velocity was reached, a fact which agreed with 
the full-blown manner in which the eddies appeared. 

12. Experiments with two streams in opposite directions in the same tuhe^ — A glass 
tube, 5 feet long and 1*2 inch in diameter, having its ends slightly bent up, as shown in 
fig. 6, was half filled with bisulphide of carbon, and then filled up with water and both 

Fig. 6. 



ends corked. The bisulphide was chosen as being a limpid liquid but little heavier 
than water and completely insoluble, the surface between the two liquids being clearly 
distinguishable. When the tube was placed in a horizontal direction, the weight of 
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tlie bisulphide caused it to spread along the lower half of the tube, and the surface of 
separation of the two liquids extended along the axis of the tube. On one end of the 
tube being slightly raised the water would flow to the upper end and the bisulphide fall 
to the lower, causing opposite currents along the upper and lower halves of the tube, 
while in the middle of the tube the level of the surface of separation remained 
unaltered. 

The particular purpose of this investigation was to ascertain whether there was a 
critical velocity at which waves or sinuosities would show themselves in the surface of 
separation. 

It proved a very pretty experiment and completely answered its purpose. 

When one end was raised quickly by a definite amount, the opposite velocities of 
the two liquids, which were greatest in the middle of the tube, attained a certain 
maximum value, depending on the inclination given to the tube. When this was 
small no signs of eddies or sinuosities showed themselves ; but, at a certain definite 
inclination, waves (nearly stationary) showed themselves, presenting all the appearance 
of wind waves. These waves first made their appearance as very small waves of equal 
lengths, the length being comparable to the diameter of the tube. 

Fig. 7. 




When by increasing the rise the velocities of flow were increased, the waves kept 
the same length but became higher, and when the rise was sufficient the waves would 
curl and break, the one fluid winding itself into the other in regular eddies. 

Whatever might be the cause, a skin formed slowly between the bisulphide and the 
water, and this skin produced similiar efiects to that of oil on water ; the results 
mentioned are those which were obtained before the skin showed itself. When the 
skin first came on regular waves ceased to form, and in their place the surface was 
disturbed, as if by irregular eddies, above and below, just as in the case of the oiled 
surface of water. 

The experiment was not adapted to afibrd a definite measure of the velocities at 
which the various phenomena occurred ; but it was obvious that the critical velocity 
at which the waves first appeared was many times smaller than the critical velocity in 
a tube of the same size when the motion was in one direction only. It was also clear 
that the critical velocity was nearly, if not quite, independent of any existing 
disturbance in the liquids ; so that this experiment shows — 

(1.) That there is a critical velocity in the case of opposite flow at which direct 
motion becomes unstable. 

(2.) That the instability came on gradually and did not depend on the magnitude, 
of the disturbances, or in other words^ that for this class of motion question 6 must 
be answered in the affirmative. 
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It thus appeared that there was some difference in the cause of instability in the 
two motions. 

13. Further study of the equations of motion. — Having now definite data to guide 
me, I was anxious to obtain a fuller explanation of these results from the equations of 
motion. I still saw only one way open to account for the instability, namely, by 
assuming^ the instability of a frictionless fluid to be general. 

Having found a method of integrating the equations for frictionless fluid as far as 
to show whether any particular form of steady motion is stable for a small distur- 
bance, I applied this method to the case of parallel flow in a frictionless fluid. The 
result, which I obtained at once, was that flow in one direction was stable, flow in 
opposite directions unstable. This was not what I was looking for, and I spent much 
time in trying to find a way out of it, but whatever objections my method of integra- 
tion may be open to, I could make nothing less of it. 

It was not until the end of 1882 that I abandoned further attempts with a 
frictionless fluid, and attempted by the same method the integration of a viscous 
fluid. This change was in consequence of a discovery that in previously considering 
the effect of viscoscity I had omitted to take fully into account the boundary 
conditions which resulted from the friction between the fluid and the solid boundary. 

On taking these boundary conditions into account, it appeared that although the 
tendency of viscoscity through the fluid is to render direct or steady motion stable, 
yet owing to the boundary condition resulting from the friction at the solid surface, 
the motion of the fluid, irrespective of viscoscity, would be unstable. Of course this 
cannot be rendered intelligible without going into the mathematics. But what T 
want to point out is that this instability, as shown by the integration of the equations 
of motion, depends on exactly the same relation 

FT ^^P 
U oc — 

as that previously found. 

This explained all the practical anomalies and particularly the absence of eddies 
below a pure surface of water exposed to the wind. For in this case the surface being 
free, the boundary condition was absent, whereas the film of oil, by its tangential 
stifihess, introduced this condition; this circumstance alone seemed a sufiicient 
verification of the theoretical conclusion. 

But there was also the sudden way in which eddies came into existence in the 
experiments with the colour band, and the effect of disturbances to lower the critical 
velocity. These were also explained, for as long as the motion was steady, the 
instability depended upon the boundary action alone, but once eddies were introduced, 
the stability would be broken down. 

It thus appeared that the meaning of the experimental results had been ascertained, 
and the relation between the four leading features and the circumstances on which 
they depend traced for the case of water in parallel flow. 
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But as it appeared that the critical velocity in the case of motion in one direction 
did not depend on the cause of instability with a view to which it was investigated, 
it followed that there must be another critical velocity, which would be the velocity 
at which previously existing eddies would die out, and the motion become steady as 
the water proceeded along the tube. This conclusion has been verified. 

14. Results of experiments on the law of resistance in tubes. — The existence of 
the critical velocity described in the previous article could only be tested by allowing 
water in a high state of disturbance to enter a tube, and after flowing a sufficient 
distance for the eddies to die out, if they were going to die out, to test the motion. 

As it seemed impossible to apply the method of colour bands, the test applied was 
that of the law of resistance as indicated in questions (1) and (2) in § 8. The result 
was very happy. 

Two straight lead pipes No. 4 and No. 5, each 16 feet long and having diameters 
of a quarter and a half inch respectively were used. The water was allowed to flow 
through rather more than 10 feet before coming to the first gauge hole, the second 
gauge hole being 5 feet further along the pipe. 

The results were very definite, and are partly shown in fig. 8, and more fully in 
diagram 1, Plate 74. 

Fig. 8. 




(1.) At the lower velocities the pressure was proportional to the velocity, and the 
velocities at which a deviation from the law first occurred were in exact inverse ratio 
of the diameters of the pipes. 

(2.) Up to these critical velocities the discharge from the pipes agreed exactly with 
those given by Poiseuille's formula for capillary tubes. 

(3.) For some little distance after passing the critical velocity, no very simple 
relations appeared to hold between the pressures and velocities. But by the time the 
velocity reached 1 '2 (critical velocity) the relation became again simple. The pressure 
did not vary as the square of the velocity, but as 1*722 power of the velocity, this law 
held in both tubes and through velocities ranging from 1 to 20, where it showed no 
signs of breaking down. 

(4.) The most striking result was that not only at the critical velocity, but throughout 
the entire motion, the laws of resistance exactly corresponded for velocities in the 
ratio of 

It 
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This last result was brouglit out in the most striking manner on reducing the results 
by the graphic method of logarithmic homologues as described in my paper on 
Thermal Transpiration. Calling the resistance per unit of length as measured in the 
weight of cubic units of water ?', and the yelocity v, log i is taken for abscissa^ and 
log V for ordinate^ and the curve plotted. 

In this way the experimental results for each tube are represented as a curve ; 
these curves, which are shown as far as the small scale will admit in fig. 9, present 
exactly the same shape, and only differ in position. 




Pipe. 

No. 4, Lead . . 
J) o, ,, . . 

A, Glass . . 

B, Cast iron 

C, Varnish . 



Diameter. 

0-00615 

0-0127 

0-0496 

0-188 

0-5 

0-196 



Either of the curves may be brought into exact coincidence with the other by a 
rectangular shift, and the horizontal shifts are given by the difference of the 
logarithm of 



for the two tubes, the vertical shifts being the difference of the logarithms of 

D 

The temperatures at which the experiment had been made were nearly the same, but 
not quite, so that the effect of the variations of fi showed themselves. 

15. Comparison with Darcy's experiments. — The definiteness of these results, their 
agreement with Poiseuille's law, and the new form which they more than indicated 
for the law of resistance above the critical velocities, led me to compare them with 
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the well known experiments of Daroy on pipes ranging from 0*014 to 0*5 metre in 
diameter. 

Taking no notice of the empirical laws by which Darcy had endeavoured to 
represent his results, I had the logarithmic homologues drawn from his published 
experiments. If my law was general then these logarithmic curves, together with 
mine, should all shift into coincidence, if each were shifted horizontally through 

D^ 
pi 

and vertically through 

D 
P 

In calculating these shifts there were some doubtful points. Darcy's pipes were 
not uniform between the gauge points, the sections varying as much as 20 per cent., 
and the temperature was only casually given. These matters rendered a close 
agreement unlikely. It was rather a question of seeing if there was any systematic 
disagreement. When the curves came to be shifted the agreement was remarkable. 
In only one respect was there any systematic disagreement, and, this only raised 
another point ; it was only in the slopes of the higher portions of the curves. In 
both my tubes the slopes were as 1722 to 1 ; in Darcy^s they varied according to the 
nature of the material, from the lead pipes, which were the same as mine, to 1*92 to 1 
with the cast iron. 

This seems to show that the nature of the surface of the pipe has an effect on the 
law of resistance above the critical velocity. 

16. The critical velocities. — All the experiments agreed in giving 

_ 1 P 

^'~ 278 D 

as the critical velocity, to which corresponds as the critical slope of pressure 

1 P3 



t^= 



47700000 D^ 



the units being metres and degrees centigrade. It will be observed that this value is 
much less than the critical velocity at which steady motion broke down ; the ratio 
being 43*7 to 278. 

17. jTy^e p^eneraZ Za^ o/ 'rm5^a?^C6.•^— The logarithmic homologues all consist of two 
straight branches, the lower branch inclined at 45 degrees and the upper one at n 
horizontal to 1 vertical. Except for the small distance beyond the critical velocity 
these branches constitute the curves. These two branches meet in a point on the 
curve at a definite distance below the critical pressure, so that, ignoring the small 
portion of the curve above the point before it again coincides with the upper branch, 
the logarithmic homologue gives for the law of resistance for all pipes and all velocities 
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1)3 J) 

where n has the value unity as long as either number is below unity, and then takes 
the value of the slope n to 1 for the particular surface of the pipe. 
If the units are metres and degrees centigrade 

A=G7,700,000 

B=396 

P=(l+0-0336 T+0'000221 P)"! 

This equation then, excluding the region immediately about the critical velocity, gives 
the law of resistance in Poiseuille's tubes, those of the present investigation and 
Darcy's, the range of diameters being 

from 0-000013 (Poisettillb, 1845) 
to 0'5 (Darcy, 1857) 

and the range of velocities 

from 0-00261 

f metres per sec, 1883. 

This algebraical formula shows that the experiments entirely accord with the 
theoretical conclusions. 

The empirical constants are A, B, P, and n ; the first three relate solely to the 
dimensional properties of the fluid summed up in the viscosity, and it seems probable 
that the last relates to the properties of the surface of the pipe. 

Much of the success of the experiments is due to the care and skill of Mr. Foster, 
of Owens College, who has constructed the apparatus and assisted me in making the 
experiments. 

Section II. 

Experiments in glass tubes hy means of colour hands. 

18. In commencing these experiments it was impossible to form any very definite 
idea of the velocity at which eddies might make their appearance with a particular 
tube. The experiments of Poiseuille showed that the law of resistance varying as 
the velocity broke down in a pipe of say 0-6 millim. diameter ; and the experiments 
of Darcy showed this law did not hold in a half-inch pipe with a velocity of 6 inches 
per second. 

These considerations, together with the comparative ease with which experiments on 
a small scale can be made, led me to commence with the smallest tube in which I 
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could hope to perceive what was going on with the naked eye, expecting confidently 
that eddies would make their appearance at an easily attained velocity. 

19. The first apparatus. — This consisted of a tube about |^ inch or 6 millims. in 
diameter. This was bent into the siphon form having one straight limb about 2 feet 
long and the other about 5 feet (Plate 72, fig. 10). 

The end of the shorter limb was expanded to a bell mouth, while the longer end 
was provided with an indiarubber extension on which was a screw clip. 

The bell -mouthed limb was held vertically in the middle of a beaker with the 
mouth several inches from the bottom as shown in figs. 10 and 10'. 

A colour tube about 6 millims. in diameter also of siphon form was placed as shown 
in the figure, with the open end of the shorter limb just under the bell mouth, the 
longer limb communicating through a controlling clip with a, reservoir of highly 
coloured water placed at a sufficient height. A supply-pipe was led into the beaker 
for the purpose of filling it ; but not with the idea of maintaining it full, as it seemed 
probable that the inflowing water would crea.te too much disturbance, experience 
having shown how important perfect internal rest is to successful experiments with 
coloured water. 

20. The first experiment, — The vessels and the siphons having been filled and 
allowed to stand for some hours so as to allow all internal notion to cease, the colour 
clip was opened so as to allow the colour to emerge slowly below the bell (Plate 73, 
fig. 11). 

Then the clip on the running pipe was opened very gradually. The water was 
drawn in at the bell mouth, and the coloured water entered, at first taking the 
form of a candle flame (Plate 73, fig. 12), which continually elongated until it 
became a very fine streak, contracting immediately on leaving the colour-tube and 
extending all along the tube from the bell mouth to the outlet (fig. 10). On further 
opening the regulating clip so as to increase the velocity of flow, the supply of colour 
remaining unaltered, the only effect was to diminish the thickness of the colour band. 
This was again increased by increasing the supply of colour, and so on until the 
irelocity was the greatest that circumstances would allow — until the clip was fully 
open. Still the colour band was perfectly clear and definite throughout the tube. 
It was apparent that if there were to be eddies it must be at a higher velocity. 
To obtain this about 2 feet more were added to the longer leg of the siphon which 
brought it down to the floor. 

On trying the experiment with this addition the colour band was still clear and 
undisturbed. 

So that for want of power to obtain greater velocity this experiment failed to show 
eddies. 

When the supply pipe which filled the beaker was kept running during the experi- 
ment, it kept the water in the beaker in a certain state of disturbance. The effect of 
this disturbance was to disturb the colour band in the tube, but it was extremely 
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difficult to say whether this was due to the wavering of the colour band or to genuine 
eddies. 

21. The final apparatus, — This was on a much larger scale than the first. A 
straight tube, nearly 5 feet long and about an inch in diameter, was selected from a 
large number as being the most nearly uniform, the variation of the diameter being 
less than l-32nd of an inch. 

The ends of this tube were ground off plane, and on the end which appeared 
slightly the larger was fitted a trumpet mouth of varnished wood, great care being 

* 

taken to make the surface of the wood continuous with that of the glass (Plate 73, 
fig. 13). 

The other end of the glass pipe was connected by means of an indiarubber washer 
with an iron pipe nearly 2 inches in diameter. 

The iron pipe passed horizontally through the end of a tank, 6 feet long, 18 inches 
broad and 18 inches deep, and then bent through a quadrant so that it became 
vertical, and reached 7 feet below the glass tube. It then terminated in a large 
cock, having, when open, a clear way of nearly a square inch. 

This cock was controlled by a long lever (see Plate 73) reaching up to the level of the 
tank. The tank was raised upon tressels about 7 feet above the floor, and on each 
side of it, at 4 feet from the ground, was a platform for the observers. The glass 
tube thus extended in an horizontal direction along the middle of the tank, and the 
trumpet mouth was something less than a foot from the end. Through this end, just 
opposite the trumpet, was a straight colour tube three-quarters of an inch in diameter, 
and this tube was connected, by means of an indiarubber tube with a clip upon it, with 
a reservoir of colour, which for good reasons subsequently took the form of a common 
water bottle. 

With a view to determining the velocity of flow, an instrument was fitted for show- 
ing the changes of level of the water in the tank to the 100th of an inch (Plate 72, 
fig. 14). Thermometers were hung at various levels in the tank. 

22. The final experiments, — The first experiment with this apparatus was made 
on 22nd February, 1880. 

By means of a hose the tank was filled from the water main, and having been 
allowed to stand for several hours, from 10 a.m. to 2 p.m., it was then found that the 
water had a temperature of 46° F. at the bottom of the tank, and 47^ F. at the top. 
The experiment was then commenced in the same manner as in the first trials. The 
colour was allowed to flow very slowly, and the cock slightly opened. The colour band 
established itself much as before, and remained beautifully steady as the velocity was 
increased until, all at once, on a slight further opening of the valve, at a point about 
two feet from the iron pipe, the colour band appeared to expand and mix with the 
water so as to fill the remainder of the pipe with a coloured cloud, of what appeared at 
first sight to be of a uniform tint (fig. 4, p. 942). 

Closer inspection, however, showed the nature of this cloud. By moving the eye 
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SO as to follow the motion of the water, the expansion of the colour band resolved itself 
into a well-defined waving motion of the band, at first without other disturbance, but 
after two or three waves came a succession of well-defined and distinct eddies. These 
were suflficiently recognisable by following them with the eye, but more distinctly seen 
by a flash from a spark, when they appeared as in fig. 5, p. 942. 

The first time these were seen the velocity of the water was such that the tank fell 
1 inch in 1 minute, w^hich gave a velocity of 0'^'627, or 2 feet per second. On slightly 
closing the valve the eddies disappeared, and the straight colour band established 
itself. 

Having thus proved the existence of eddies, and that they came into existence at a 
certain definite velocity, attention was directed to the relations between this critical 
velocity, the size of the tube, and the viscosity. 

Two more tubes (2 and 3) were prepared similar in length and mounting to the first, 
but having diameters of about one- half and one-quarter inch respectively. 

In tlie meantime an attempt was made to ascertain the effect of viscosity by using 
water at different temperatures. The temperature of the water from the main was 
about 45*^, the temperature of the room about 54^ ; to obtain a still higher tempe- 
rature, the tank was heated to'' 70° by a jet of steam. Then taking, as nearly as we 
could tell, similar disturbances, the experiments which are numbered 1 and 2 in 
Table I. were made. 

To compare these for the viscosity, Poiseuille's experiments were available, but to 
prevent any accidental peculiarity of the water being overlooked, experiments after 
the same manner as Poiseuille's were made with the water in the tank. The results 
of these however agreed so exactly with those of Poiseuille that the comparative 
effect of viscosity was taken from Poiseuille^s formula 



►-1, 



l + 0'03368 T+0'000221 T^ 



where Poc /x with the temperature and T is temperature centigrade. 
The relative values of P at 47° and 70° Fah. are as 

1-3936 to 1 

while the relative critical velocities at these temperatures were as 

1-45 to 1 

which agreement is very close considering the nature of the experiments. 

But whatever might have been the cause of the previous anomalies, these were 
greatly augmented in the heated tank. After being heated the tank had been 
allowed to stand for an hour or two, in order to become steady. On opening the 
valve it was thought that the eddies presented a different appearance from those in 
the colder water, and the thought at once suggested itself that this was due to 
some source of initial disturbance. Several sources of such disturbance suggested 
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themselves — the temperature of the tank was 11° C. above that of the fbom, and 
the cooHng arising from the top and sides of the tank must cause circulation in the 
tank. A few streaks of colour added to the water soon showed that such a circu- 
lation existed, although it was very slow. Another source of possible disturbance 
was the difference in the temperature at the top ajid bottom of the tank, this had 
been as much as 5°. 

In order to get rid of these sources of disturbance it was necessary to have the 
tank at the same temperature as the room, about 54° or 55°. Then it was found by 
several trials that the eddies came on at a fall of about I inch in 64 seconds, which, 
taking the viscosity into account, was higher than in the previous case, and this was 
taken to indicate that there was less disturbance in the water. 

As it was difficult to alter the temperatures of the building so as to obtain 
experiments under like conditions at a higher temperature, and it appeared that the 
same object would be accomplished by cooUng the water to its maximum density, 40°, 
this plan was adopted and answered well, ice being used to cool the water. 

Experiments were then made with three tubes 1, 2, 3, at temperatures of about 
51° and 40°. All are given in Table I. 
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Experiments with Colour Bands — Critical Velocities at which Steady Motion 

breaks down. 

Pipe No. 1, glass.— Diameter 0*0268 metre ; log diameter 2*42828. 
No. 2, ,, „ 0*01527 „ ,, 2*18400. 

No. 3, ,, ,, 0*007886 ,, ,, 3*89783. 

Discharge, cub. metres *021237 ; log =2*32709. 



}i 



}> 



Date, 1880. 


Eeference 
Number. 


Pipe. 


Temperature, 
centigrade. 


Time of 
discliarge. 


V elocity, 
metres. 


log time. 


-log P. 


logV. 


log B«. 


1 March 


1 


No. 1. 


8-3 


60 


0-6270 


1-77815 


0-11242 


1-79729 


1-66200 


3 „ 


2 


5> 


21 


87 


0-4325 


1-93959 


0-25654 


1-63593 


1-67930 


25 „ 


3 


>3 


15 


70 


0-5374 


1-84500 


0-19198 


1-73035 


1-64936 


21 April 


4 


J) 


12 


60 


0-6270 


1-77815 


0-15712 


1-79729 


1-61730 


J? 


5 


?J 


13 


64 


0-5878 


1-80618 


0-16882 


1-76926 


1-64464 


>j 


. 6 


J? 


13 


67 


0-5614 


1-82617 


0-16882 


i-74927 


1-65363 


j> 


7 


JJ 


13 


64 


0-5878 


1-80618 


0-16882 


1-76926 


1-64464 


>? 


8 


J? 


5 


54 


0-6967 


1-73239 


0-06963 


i -84305 


1-65898 


fj 


9 


?? 


5 


52 


0-7235 


1-71600 


0-06963 


1-85940 


1-64269 


22 „ 


10 


J? 


10 


62 


0-6068 


1-79239 


0-13319 


1-78305 


1-65546 


J? 


11 


JJ 


11 


64 


0-5870 


1-80613 


0-14525 


1-76931 


1-65716 


25 March 


12 


ISTo. 2. 


22 


155 


0-7476 


2-19033 


0-26710 


i-87367 


1-67523 


23 April 


13 


?5 


11 


110 


1-052 


2-04139 


0-14525 


0-02261 


1-64814 


?? 


14 


» 


11 


108 


1-072 


2-03342 


0-14525 


0-03058 


1-64017 


J5 


15 


JJ 


4 


83 


1-396 


1-91907 


0-05621 


0-14493 


1-61486 


J? 


16 


JJ 


4 


83 


1-396 


1-91907 


0-05621 


0-14493 


1-61486 


>? 


17 


JJ 


4 


83 


1-396 


1-91907 


0-05621 


0-14493 


1-61486 


JJ 


18 


JJ 


6 


86 


1-348 


1-93449 


0-08278 


0-12951 


1-59371 


5? 


19 


ti 


6 


85 


1-362 


1-92941 


0-08278 


0-13459 


1-59863 


24 „ 


20 


No. 3. 


11 


220 


1-967 


2-34242 


0-14525 


0-29392 


1-66300 


>> 


21 


JJ 


10-5 


224 


1-932 


2-36024 


0-13920 


0-28610 


1-67687 


>) 


22 


>> 


11 


218 


1-982 


2-33845 


0-14525 


0-29789 


1-65903 


" 


23 


J J 


11 


116 


2-004 


2-33445 


0-14525 


0-30189 


1-65503 


25 „ 


24 


JJ 


4 


164 


2-637 


2-21484 


0-05621 


0-42150 


1-62446 


jj 


25 


JJ 


4 


172 


2-517 


2-23552 


0-05621 


0-40082 


1-64514 


?? 


26 


JJ 


6 


176 


2-460 


2-24551 


0-08278 


0-39083 


1-62856 


?j 


27 


JJ 


6 


176 


2-460 


2-24551 


0-08278 


0-39083 


1*62856 


J? 


28 


JJ 


6 


174 


2-488 


2-24054 


0-08278 


0-39580 


1-62359 


5» 


29 


JJ 


6 


177 


2-446 


2-24791 


0-08278 


0-38837 


1-63102 



This gives the mean value for log B^ 1*64139 ; and B^=43'79. 
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In reducing the results the nnit taken has been the metre and the temperature is 

given in degrees centigrade. 

The diameters of the three tubes were found by fiUing them with water. 

The time measured was the time in which the tank fell 1 inch, which in cubic 

metres is given by 

Q=: -021237 

In the table the logarithms of P^ v, and B^ are given, as well as the natural numbers 
for the sake of reference. 

The velocities v have been obtained by the formula 

4Q 

V = 



B^ being obtained from the formula 

B,= ^ 



vD 



The final value of B, is obtained from the mean value of the logarithm- of B^. 

23. The results. — The values of log B^ show a considerable amount of regularity, 
and prove, I think conclusively, not only the existence of a critical velocity at which 
eddies come in, but that it is proportional to the viscosity and inversely proportional 
to the diameter of the tube. 

The fact, however, that this relation has only been obtained by the utmost care to 
reduce the internal disturbances in the water to a minimum must not be lost 
sight of. 

The fact that the steady motion breaks down suddenly shows that the fluid is in a 
state of instability for disturbances of the magnitude which cause it to break down. 
But the fact that in some conditions it will break down for a large disturbance, while 
it is stable for a smaller disturbance shows that there is a certain residual stability so 
long as the disturbances do not exceed a given amount. 

The only idea that I had formed before commencing the experiments was that at 
some critical velocity the motion must become unstable, so that any disturbance from 
perfectly steady motion would result in eddies. 

I had not been able to form any idea as to any particular form of disturbance being 
necessary. But experience having shown the impossibility of obtaining absolutely 
steady motion, I had not doubted but that appearance of eddies would be almost 
simultaneous with the condition of instability. I had not, therefore, considered the 
•disturbances except to try and diminish them as much as possible. I had expected to 
see the eddies make their appearance as the velocity increased, at first in a slow or 
feeble manner, indicating that the water was but slightly unstable. And it was a 
matter of surprise to me to see the sudden force with which the eddies sprang into 
existence, showing a highly unstable condition to have existed at the time the steady 
motion broke down. 
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Tbis at once suggested the idea that the condition might be one of instability for 
disturbance of a certain magnitude and stable for smaller disturbances. 

In order to test this, an open coil of wire was placed in the tube so as to create a 
definite disturbance as in Plate 72, fig. 15. 

Eddies now showed themselves at a velocity of less than half the previous critical 
velocity, and these eddies broke up the colour band, but it was difficult to say whether 
the motion was really unstable or whether the eddies were the result of the initial 
disturbance, for the colour band having once broken up and become mixed with the 
water, it was impossible to say whether the motion did not tend to become steady 
again later on in the tube. 

Subsequent observation however tended to show that the critical value of the 
velocity depended to some extent on the initial steadiness of the water. One pheno- 
menon in particular was very marked. 

Where there was any considerable disturbance in the water of the tank and the 
cock was opened very gradually, the state of disturbance would first show itself by the 
wavering about of the colour band in the tube ; sometimes it would be driven against 
the glass and would spread out, and all without a symptom of eddies. Then, as the 
velocity increased but was still comparatively small, eddies, and often very regular 
eddies, would show themselves along the latter part of the tuba On further opening 
the cock these eddies would disappear and the colour band would become fixed and 
steady right through the tube, which condition it would maintain until the velocity 
reached its normal critical value, and then the eddies would appear suddenly as before. 

Another phenomenon very marked in the smaller tubes, was the intermittent 
character of the disturbance. The disturbance would suddenly oome on through a 
certain length of the tube and pass away and then come on again, giving the appear- 
ance of flashes, and these flashes would often commence successively at one point in 
the pipe. The appearance when the flashes succeeded each other rapidly was as shown 
in Plate 72, fig. 16. 

This condition of flashing was quite as marked when the water in the tank was very 
steady as when somewhat disturbed. 

Under no circumstances would the disturbance occur nearer to the trumpet than 
about 30 diameters in any of the pipes, and the flashes generally, but not always, 
commenced at about this distance. 

In the smaller tubes generally, and with the larger tube in the case of the ice-cold 
water at 40^ the first evidence of instability was an occasional flash beginning at the 
usual place and passhig out as a disturbed patch two or three inches long. As the 
velocity was further increased these flashes became more frequent until the disturbance 
became general. 

I did not see a way to any very crucial test as to whether the steady motion became 
unstable for a large disturbance before it did so for a small one; but the general 
impression left on my mind was that it did in some way — as though disturbances in 
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the tank, or arising from irregularities in the tube, were necessary to the existence of 
a state of instability. 

But whatever these pecuHarities may mean as to the way in which eddies present 
themselves, the broad fact of there being a critical value for the velocity at which the 
steady motion becomes unstable, which critical y^lne iB proportional to 

pe 

where g is the diameter of the pipe and - the viscosity by the density, is abundantly 

P 

established. And cylindrical glass pipes for approximately steady water have for the 

critical value 

P 



where in metres B,= 43-79 about 



^ B.D 



Section III, 



Experiments to determine the critical velocity by means of resistance in the pipes, 

24. Although at first sight such experiments may appear to be simple enough, 
yet when one began to consider actual ways and means, so many uncertainties and 
difficulties presented themselves that the necessary courage for undertaking them was 
only acquired after two years' further study of the hydrodynamical aspect of the 
subject by the light thrown upon it by the previous experiment with the colour bands. 
This has been already explained in Art. 13. Those experiments had shown definitely 
that there was a critical value of the velocity at which eddies began if the water were 
approximately steady when drawn into the tube, but they had also shown definitely 
that at such critical velocity the water in the tube was in a highly unstable condition, 
any considerable disturbance in the water causing the break down to occur at velocities 
much below the highest that could be attained when the water was at its steadiest ; 
suggesting that if there were a critical velocity at which, for any disturbance what- 
ever, the water became stable, this velocity was much less, than that at which it would 
become unstable for infinitely small disturbances j or, in other words, suggesting that 
there were two critical values for the velocity in the tube, the one at which steady 
motion changed into eddies, the other a.t which eddies changed into steady motion. 

Although the law for the critical value of the velocity had been suggested by the 
equations of motion, it was, as already explained, only at the beginning of this year 
that I succeeded in deaHng with these equations so as to obtain any theoretical expla- 
nation of the dual criteria ; but having at last found this, it became clear to me that 
if in a tube of sufficient length the water were at first admitted in a high state of 
disturbance, then as the water proceeded along the tube the disturbance would settle 
down into a steady condition, which condition would be one of eddies or steady 
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958 MR. O. EEYKOLDS ON THE MOTION OF WATER AND OP 

motion, according to whether the velocity was above or below what may be called 
the real critical value. 

The necessity of initial disturbance precluded the method of colour bands, so that 
the only method left was to measure the resistance at the latter portion of the tube 
in conjunction with the discharge. 

The necessary condition was somewhat difficult to obtain. The change in the law 
of resistance could only be ascertained by a series of experiments which had to be 
carried out under similar conditions as regards temperature, kind of water, and 
condition of the pipe ; and in order that the experiments might be satisfactory, it 
seemed necessary that the range of velocities should extend far on each side of the 
critical velocity. In order to best ensure these conditions, it was resolved to draw the 
water direct from the Manchester main, using the pressure in the main for forcing the 
water through the pipes. The experiments were conducted in the workshop in 
Owens College, which offered considerable facilities owing to arrangements for 
supplying and measuring the water used in experimental turbines. 

25. The apparatus. — This is shown in Plate 72, fig. 17. 

As the critical value under consideration would be considerably below that found 
for the change for steady motion into eddies, a diameter of about half an inch 
(12 millims.) was chosen for the larger pipe, and one quarter of an inch for the 
smaller, such pipes being the smallest used in the previous experiments. 

The pipes (4 and 5) were ordinary lead gas or water pipes. These, which owing to 
their construction are very uniform in diameter and when new present a bright 
metal surface inside, seemed well adapted for the purpose. 

Pipes 4 (which was a quarter-inch pipe) and 5 (which was a half-inch) were 16 
feet long, straightened by laying them in a trough formed by two inch boards at 
right angles. This trough was then fixed so that one side of the trough was 
vertical and the other horizontal, forming a horizontal ledge on which the pipes 
could rest at a distance of 7 feet from the floor ; on the outflow ends of the pipes 
cocks were fitted to control the discharge, and at the inlet end the pipes were 
connected, by means of a T branch, with an indiarubber hose from the main ; this 
connexion w^as purposely made in such a manner as to necessitate considerable 
disturbance in the water entering the pipes from the hose. The hose was connected, 
by means of a quarter-inch cock, with a four-inch branch from the main. With this 
arrangement the pressure on the inlet to the pipes was under control of the cock 
from the main, and at the same time the discharge from the pipes was under control 
from the cocks on their ends. 

This double control was necessary owing to the varying pressure in the main, and 
after a few preliminary experiments a third and more delicate control, together with 
a pressure gauge, were added^ so as to enable the observer to keep the pressure in the 
hose, i.e., on the inlets to the pipes, constant during the experiments. 

This arrangement was accomplished by two short branches between the hose and 
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the control cock from the main, one of these being furnished with an indiarubber 
mouthpiece with a screw cHp upon it, so that part of the water which passed the 
cock might be allowed to run to waste, the other branch being connected with the 
lower end of a vertical glass tube, about 6 millims. in diameter and 30 inches long, 
having a bulb about 2 inches diameter near its lower extremity, and being closed 
by a similar bulb at its top. 

This arrangement served as a delicate pressure gauge. The water entering at the 
lower end forced the air from the lower bulb into the upper, causing a pressure of 
about 30 inches of mercury. Any further rise increased this pressure by forcing the 
air in the tubes into the upper bulb, and by the weight of water in the tube. During 
an experiment the screw clip was continually adjusted, so as to keep the level of the 
water in the glass tube' between the bulbs constant. 

26. The resistance gauges. — Only the last 5 feet of the tube was used for measuring 
the resistance, the first 10 or 11 feet being allowed for the acquirement of a regular 
condition of flow. 

It was a matter of guessing that 10 feet would be sufficient for this, but since, com- 
pared with the diameter, this length was double as great for the smaller tube, it was 
expected that any insufficiency would show itself in a greater irregularity of the 
results obtained with the larger tube, and as no such irregularity was noticed it 
appears to have been sufficient. 

At dista,nces of 5 feet near the ends of the pipe, two holes of about 1 millim. were 
pierced into each of the pipes for the purpose of gauging the pressures at these points 
of the pipes. As owing to the rapid motion of the water in the pipes past these 
holes, any burr or roughness caused in the inside of the pipe in piercing these holes 
would be apt to cause a disturbance in the pressure, it was very important that this 
should be avoided. This at first seemed difficult, as owing to the distance — 5 feet — 
of one of the holes from the end of pipes of such small diameter the removal of a burr, 
which would be certain to ensue on drilling the holes from the outside, was difficult. 
This was overcome by the simple expedient suggested by Mr. Foster of drilling holes 
completely through the pipes and then plugging the side on which the drill entered. 
Trials were made, and it was found that the burr thus caused was very slight. 

Before drilling the holes short tubes had been soldered to the pipes, so that the holes 
communicated with these tubes ; these tubes were then connected with the limbs of a 
siphon gauge by indiarubber pipes. 

These gauges were about '30 inches long ; two were used, the one containing mer- 
cury, the other bisulphide of carbon. 

These gauges were constructed by bending a piece of glass tube into a U form, so 
that the two limbs were parallel and at about one inch apart. 

Glass tubes are seldom quite uniform in diameter, and there was a difference in the 
size of the limbs of both gauges, the difference being considerable in the case of the 
bisulphide of carbon. 

6 G 2 
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The tubes were fixed to stands with carefully graduated scales behind them, so that 
the height of the mercury or carbon in each limb could be read. It had been antici- 
pated that readings taken in this way would be sufficient. But it turned out to be 
desirable to read variations of level of the smallness of YooQth of an inch or -^th of a 
millimetre. 

A species of cathetometer was used. This had been constructed for my experiments 
on Thermal Transpiration, and would read the position of the division surface of two 
fluids to Tooo¥^^ i^^^ (Phil. Trans. 1879, p. 789). 

The water was carefully brought into direct connexion with the fluid in the gauge, 
the indiarubber connexions facilitating the removal of all air. 

27. Means adopted in measuring the discharge, — For many reasons it was very 
desirable to measure the rate of discharge in as short a time as possible. 

For this parpose a species of orifice or weir gauge was constructed, consisting of a 
vertical tin cylinder two feet deep, having a flat bottom, being open at the top, with a 
diaphragm consisting of many thicknesses of fine wire gauze about two inches from 
the bottom ; a tube connected the bottom with a vertical glass tube, the height of water 
in which showed the pressure of water on the bottom of the gauze ; behind this tube 
was a scale divided so that the divisions were as the square roots of the height. 
Through the thin tin bottom were drilled six. holes, one an eighth of an inch diameter, 
one a quarter of an inch, and four of half an inch. 

These holes were closed by corks so that any one or any combination could be used. 

The combinations used were : 



Gauge No. 1 

No. 2 
No. 3 
No. 4 
No. 5 



The \ inch hole alone. 
The ^ inch hole alone. 
A ^ inch hole alone. 
Two I inch holes. 
Four ^ inch holes. 



According to experience, the velocity with which water flows from a still vessel 
through a round hole in a thin horizontal plate is very nearly proportional to the area 
of the hole and the square root of the pressure, so that with any particular hole the 
relative quantities of water discharged would be read off* at the variable height 
gauge. The accuracy of the gauge, as well as the absolute values of the readings, 
was checked by comparing the readings on the gauge with the time taken to fill 
vessels of known capacity. In this way coefficients for each one of the combinations 
1, 2, 3, 4, 5 were obtained as follows : — 
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Table II. 



No. of Q-auge. 


Readings on 
Gauge. 


Time. 


Quantitj. 


Coefficient. 


Logarithmic 
coefficient. 


Grange 'No. 1 
ib. 

Fo. 2 
ib. 

No. 3 
IsTo. 4 
No. 6 


19-55 

5-3 

15-3 full 

15 

15 

16 


Seconds. 

61 

69 
54 

360 

178 

90 


c.c. 
1160 
1160 
1160 

A 

A 

A 

A 


j -966 

4-065 

4-056 

16-220 

32-440 

64-880 


1-985 
•608 

1-210 
1-511 
1-812 



From this table it will be seen that the absolute values of the coefficients were 
obtained from experiments on the gauges No. 1 and No. 2, the coeflficients for the 
gauges Sj 4, and 5 being determined by comparison of the times taken to fill a vessel 
of unknown capacity, which stands in the Table as A. The relative value of these 
coefficients came out sensibly proportional to the squares of the diameters of the 
apertures. / 

For the smaller velocities it was found that the gauge No. 1 was too large^ and in 
order not to delay the experiment in progress, two glass flasks were used : these are 
distinguished as flasks (1) and (2) ; their capacities, as subsequently determined with 
care, were 303 and 1160 c.c. The discharge as measured by the times taken to fill 
these flasks are reduced to c.c. per second by dividing the capacities of the flasks by 
the times. 

28. The method of carrying out the experiments.— This was generally as follows : — 
My assistant, Mr. Fostee, had charge of the supply of water from the main, keeping 
the water in the pressure gauge at a fixed level. 

The tap at the end of the tube to be experimented upon being closed, the zero 
reading of the gauge was carefully marked, and the micrometer adjusted so that the 
spider line was on the division of water and fluid in the left hand limb of the gauge. 
The screw was then turned through one entire revolution, which lowered the spider 
line one-fiftieth of an inch ; the tap at the end of the pipe was then adjusted until 
the fluid in the gauge came down to the spider line ; having found that it was steady 
there, the discharge was measured. 

This having been done, the spider line was lowered by another complete revolution 
of the screw, the tap again adjusted, and so on, for about 20 readings, which meant 
about half an inch difference in the gauge. Then the readings were taken for everj?^ 
five turns of the screw until the limit of the range, about 2 inches, was reached. 
After this, readings were taken by simple observation of the scale attached to the 
gauge. In taking these readings the best plan was to read the position of the mercurv 
or carbon in both limbs of the gauge, but this was not always done, some of the 
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readings entered in the notes referred to one or other limb of the gauge, care having 
been taken to indicate which. 

In the Tables III., IV., and V. of results appended, the noted readings are given 
and the letters r, Z, and h signify whether the reading was on the right or left limb, or 
the sum of the readings on both limbs. 

The readings marked I and r are reduced by the correction for the difference in 
the size of the limbs as well as the coefficient for the particular fluid in the gauge. 

Thus it was found with the mercury tube that when the left limb had moved 
through 39 divisions on the scale the right had moved through 41, so that to obtain 
the sum of these readings the readings on the left, or those marked Z, had to be 
multiplied by 2*05 and those on the right by 1*95. 

With the bisulphide of carbon gauge, 11 divisions on the left caused 9 on the 
right, so that the correction for the reading on the left was 1*8 and on the right 2*2. 

29. Comparison of the pressure gauges, — The pressures as marked by the gauges 
were reduced to the same standard by comparing the gauges ; thus '25 of the left limb 
of the mercury corresponded with 24 inches on both limbs of the bisulphide. There- 
fore to reduce the readings of the bisulphide of carbon to the same scale as those of 
the mercury they were multiplied by 

•25x20-5 



24 



0-0213 



This brought the readings of pressure to the same standard, ^.e., xo^o^^ of an inch 
of mercury, but these were further reduced by the factor 0*00032 to bring them to 
metres of water. 

As it was convenient for the sake of comparison to obtain the differences of pressure 
per unit length of the pipe, the pressures in metres of water have been divided by 
1*524, the length in metres between the gauge holes, and these reductions are 
included in the tables of results in the column headed ^. 

From the discharges as measured by the various gauges having been reduced to 
cubic centimetres, the mean velocity of the water was found by dividing by the area 
of the section of the pipe. 

30. Sections and diameters of the pipes, — The areas were obtained by carefully 
measuring the diameters by means of fitting brass plugs into the pipes and then 
measuring the plugs. In this way the diameters were found to be — - 

Diameter, No. 4 pipe, *242 inch, 6*15 millims. 
„ No. 5 pipe, *498 inch, 12*7 millims. 

These gave the areas of the sections- 
Section, No. 4 pipe, 29*7 square millims, 
,j No, 5 pipe, 125 square millims. 
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The discharge in cubic centimetres divided by the area of section in square milli- 
metres gave the mean velocity in metres per second as given in the Tables III., lY., 

and V. 

The logarithms of i and v are given for the sake of comparison. 

31, The temperature, — The chief reason v^hy the water from the main had been 
used was from the necessity of having constant temperature throughout the experi- 
ments, and my previous experience of the great constancy of the temperature of the 
water in the mains, even over a period of some weeks. 

At the commencement of the experiments the temperature of the water when 
flowing freely was found to be 5 C. or 41^ F., and it remained the same throughout 
the experiments. Nevertheless, a fact which had been overlooked caused the 
temperature in the pipes to vary somewhat and in a manner somewhat difficult to 

determine. 

This fact, which was not discovered until after the experiments had been reduced, 
was that the temperature of the workshop being above that of the main, the water 
would be warmed in flowing through the pipes to an extent depending on its flow. 
The possibility of this had not been altogether overlooked, and an early observation 
was made to see if any such warming occurred, but as it was found to be less than 
half a degree no further notice was taken until on reducing the results it was found 
that the velocities obtained with the very smallest discharges presented considerable 
discrepancies in various experiments ; this suggested the cause. 

The discrepancies were not serious if explained, so that all that was necessary was 
to carefully repeat the experiments at the lower velocities observing the temperatures 
of the effluent water. This was done, and further experiments were made (see 
Art. 33). 
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32. The results of the experiments,' — A considerable number of preliminary experi- 
ments were made until the results showed a high degree of consistency. Then a 
complete series of experiments were made consecutively with each tube. The results 
of these are given in Tables III. and T. 

33. The critical velocities, — The determination of these, which had been the main 
object of the experiments, was to some extent accomplished directly during the 
experiments, for starting from the very lowest velocities, it was found that the fluid 
in the differential gauge was at first very steady, lowering steadily as the velocity 
was increased by stages, until a certain point was reached, when there seemed to be 
something wrong with the gauge. The fluid jumped about, and the smallest adjust- 
ment of the tap controlling the velocity sent the fluid in the gauge out of the field 
of the microscope, At first this unsteadiness always came upon me as a matter of 
surprise, but after repeating the experiments several times^ I learnt to know exactly 
when to expect it. The point at which this unsteadiness is noted is marked in the 
tables. 

It was not, however, by the unsteadiness of the pressure gauge that the critical 
velocity was supposed to be determined, but by comparing the ratio of velocities and 
pressures given in the columns v and i in the tables. This comparison is shown in 
diagram I., Plate T4, the values of i being abscissae and v ordinates. It is thus 
seen that for each tube the points which mark the experiments lie very nearly in a 
straight line up to definite points marked C, at which divergence sets in rapidly. 

The points at which this divergence occurs correspond with the experiments 
numbered 6 and 59^ which are immediately above those marked unsteady. 

Thus the change in the law of pressure agrees with the observation of unsteadiness 
in fixing the critical velocities. 

According to my assumption, the straightness of the curves between the origin and 
the critical points would depend on the constancy of temperature, and it was the 
small divergences observed that suggested a variation of temperature which had been 
overlooked. This variation was confirmed by further experiments, amongst which 
are . those contained in Table IV. These showed that the probable variation of the 
temperature was in Table III. from 12° C. to 9° C at the critical point, and from 12° C. 
to 8° C in Table V., which variations would account for the small deviation from the 
straight. 

It only remained, then^ to ascertain how far the actual values of v^, the velocity at 

the critical points, corresponded with the ratio r~ or ~. 

For tube 4 from the Table III. 

D=0^-00615 

t;,= 0^-4426 
at 9° C; at this temperature 

P=757 
see p. 952. 
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Hence putting 






we 



have 



Again, for tube 5, Table V. 

at 8^ C ; at whicb temperature 
whence 



B,=279-7 

D=-0127 
t;,=:-2260 

P=-7796 
B.=: 272-0 



1 X" 



The difierences in the values of B^ thus obtained would be accounted for by a 
variation of a quarter of a degree in temperature, and hence the results are well 
within the accuracy of the experiments. 

To each critical velocity, of course, there corresponds a critical value of the 
pressure. These are determined as follows. 

The theoretical law of resistance for steady motion may be expressed 

D 
and multiplying both sides by p^ 

A^D^^ ^ D 

HZ H -^'ij 

pa P 

This law holds up to the critical velocity, and then the right hand number is unity 

if B^ has the values just determined. 

P^ 

by Table III. 

4=:-0516 

P^=-573 

Ds= -000,000,232 
which give 

A,= 47,750,000 
By Table V. 

iizi -00638 

P^r=-607 

D^iz: -00000205 
which give 

A,= 46,460,000 

which values of A^ differ by less than by what would be caused by half a degree of 
temperature. 

The conclusion, therefore, that the critical velocity would vary as 

is abundantly verified. 
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34. Comparison with the discharges calculated by VoismiiLLE's formula. — ^Poiseuille 
experimented on capillary tubes of glass between "02 and '1 millim. in diameter, and 
it is a matter of no small interest to find that the formula of discharges which he 
obtained from these experiments is numerically exact for the bright metal tubes 
100 times as large. 

Poiseijille's formula is — 

Q=1836-724(l+0-0336793T+0-000220992T^)-Y" 

T= temperature in degrees centigrade. 

H= pressure in millims. mercury. 

D= diameter in millims. 

L==lena:th in millims. 

Q=: discharge in millims. cubed. 



Putting 



. 13-64H 

P=l + (0-336793 T+0-000220992 T^)-^ 
4Q 






ttD' 



and changing the units to metres and cubic metres this formula may be written 

D^ D 

47700000^^=278-1; 

the coefficients corresponding to A^ and B^. 

The agreement of this formula with the experimental results from tubes 4 and 5 
is at once evident. The actual and calculated discharges differ by less than 2 per cent., 
a difference which would be more than accounted for by an error of half a degree in 
the temperature. 

35. Beyond the critical point. — The tables show that, beyond the critical pointy the 
relation between i and v differs greatly from that of a constant ratio ; but what the 
exact relation is, and how far it corresponds in the two tubes, is not to be directly 
seen from the tables. 

In the curves (Plate 74, diagram I.) which result from plotting i and v, it appears 
that after a period of flatness the curves round off into a parabolic form ; but whether 
they are exact parabolse, or how far the two curves are similar with different para- 
meters, is difficult to ascertain by any actual comparison of the curves themselves, 
which, if plotted to a scale which will render the small differences of pressure visible, 
must extend 10 feet at least. 

36. The logarithmic method.— -Bo far the comparison of the results has been effected 
by the natural numbers, but a far more general and clearer comparison is effected by 
treating the logarithms of I and v. 
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This method of treating such experimental results was introduced in my paper on 
Thermal Transpiration (see Phil. Trans., Part II., 1879, p. 753). 

Instead of ourv^es, of which i and v are the abscissae and ordinates, log i and log v 
are taken for the abscissae and ordinates^ and the curve so obtained is the logarithmic 
homologue of the natural curve. 

The ad vantage, of the logarithmic homologues is that the shape of the curve is made 
independent of any constant parameters, such parameters affecting the position of all 
points on the logarithmic homologue similarly. Any similarities in shape in the natural 
curves become identities in shape in the logarithmic homologues. How admirably 
adapted these logarithmic homologues are for the purpose in hand is at once seen from 
diagram II., Plate 73, which contains the logarithmic homologues of the curves for 
both pipes 4 and 5. 

A glance shows the similarity of these curves, and also their general character. 
But it is by tracing one of the curves, and shifting the paper rectangularly until the 
traced curve is superimposed on the other, that the exact similarity is brought out. 
It appears that, without turning the paper at all, the two curves almost absolutely fit. 

It also appears that the horizontal and vertical components of the shift are — 

Horizontal shift , . . ... . , '913 

Vertical shift , , , , , . , , , '294 

which are within the accuracy of the work respectively identical with the differences 

D^ I) 
of the logarithms of rr^ and p for the two tubes. 

37. The general law of resistance in pipes.— ^\iq agreement of the logarithmic 
homologues shows that not only at the critical velocities but for all velocities in these 

two pipes, pressure which renders — ^^ the same in both pipes corresponds to velocities 

D 
which render —v the same in both pipes. This may be expressed in several ways. 

Thus if the tabular value of i for each pipe plotted in a scale be naultiplied by a 

number proportional to =^ for that particular pipe and the values of t' by a number 

I) 

proportional to p, then the curves which have these reduced values of i and v for 

abscissae and ordinates will be identical. 
^ still more general expression is that if 






i = Y{v) 
expresses the relation between i and v for a pipe in which D = 1, T=0, P=l. 

— - zii; r I — - 

expresses the relation for every pipe and every condition of the water. 

MBCCCLXXXIII. 6 I 
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The determination of the relation between circumstances of motion and the 
physical condition of the water in such a general form was not contemplated 
when the experiments were undertaken, and must be considered as a result of the 
method of logarithmic homologues which brought out the relation in such a marked 
manner that it could not be overlooked. Nor is this all. 

It had formed no part of my original intention to re-investigate the law of resistance 
in pipes for velocities above the critical value, as this is ground which had been very 
much experimented upon, and experiments seemed to show that the law was either 
indefinite or very complex — a conclusion which did not seem inconsistent with the 
supposition that above this point the resistance depended upon eddies which might be 
somewhat uncertain in their action. But although it was not my intention to investi- 
gate laws, I had made a point of continuing the experiments through a range of 
pressures and velocities very much greater I think than had ever been attempted in 
the same pipe. 

Thus it will be noticed that in the larger tube the pressure in the last experiment 
is four thousand times as large as in the first. In choosing the great range of pressures 
I wished to bring out what previous experiments had led me to expect, namely, that 
in the same tube for sufficiently small pressures the pressure is proportional to the 
velocity, and for sufficiently great pressures, the pressure was proportional to the 
square of the velocity. Had this been the case not only would the lowest portion of 
the logarithmic homologues up to the critical point have come out straight lines inclined 
at 45 degrees, but the final portion of the curve would have come out a straight line 
at half this inclination, or with a slope of two horizontal to one vertical. 

The near approach of the lower portions of the curve to the line at 45^ led me, 
as I have already explained, to discover that the temperatures had risen at the lower 
velocities, and to make a fresh set of experiments, some of which are given in Table IV., 
in which, although the temperatures were not constant, they were sufficiently different 
from the previous ones to show that the discrepancy in the lower portions of the curves 
might be attributed to variations of temperature, and the agreement with the line of 
45^ considered as within the limits of accuracy of experiment. 

When the logarithms of the upper portions of the curve came to be plotted, the 
straightness and parallelism of the two lines was very striking. 

There are a few discrepancies which could not be in any way attributed to tempera- 
ture, as with so much water moving this was very constant, but on examination it was 
seen that these discrepancies marked the changes of the discharge gauges. The law 
of flow through the orifices not having been strictly as the square roots of the heights, 
the manner in which the gauges had been compared forbade the possibility of there 
being a general error from this ca7ase ; the middle readings on the gauge were correct, 
so that the discrepancies, which are small, are mere local errors. 

This left it clear that whatever might be their inclination the lines expressed the 
laws of pressures and velocities in both tubes, and since the lines are strictly parallel, 
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this law was independent of the diameter of the tube. This point has been very 
carefully examined, for it is found that the inclination of these lines differs decidedly 
from that of 2 to 1, being 1*723 to 1, and so giving a law of pressures through a range 
1 to 50 of 

This is different from the law propounded by any of the previous experimenters, 

who have adhered to the laws 

^ = v^ 

or 

That neither of these laws would answer in case of the present experiments was 
definitely shown, for the first of these would have a logarithmic homologue inclined 
at 2 to 1, and the second would have a curved line. A straight logarithmic homo- 
logue inclined at a slope 1*723 to 1 means no other law than 

i oc '^1*7^^ 

I have therefore been at some pains to express the law deduced from my experiments 
on the uniform pipes so that it may be convenient for application. This law as already 
expressed is simply 



ps'^— /\^p 

where /is such that 

x=f{y) 

is the equation to the curve which would result from plotting the resistance and 
velocities in a pipe of diameter 1 at a temperature zero. 

The exact form of f is complex, this complexity is however confined to the region 
immediately after the critical point is passed. 

Up to the critical point 

A ?! '—-n^ 

p3 ^ P 

After the critical point is passed the law is complex until a velocity which is 
1*325 Vc is reached. Then as shown in the homologues the curve assumes a simple 
character again 

that is, the logarithmic homologue becomes a straight line inclined at 1*723 to 1. 

Eeferring to the logarithmic homologues (Plate 73, diagram II.), it will be seen that 
although the directions of the two straight extremities of the curve do not meet in the 

6 I 2 
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critical point, their intersection is at a constant distance from this point which in 
the logarithmic curves is, both for ordinates and abscissae^ 

0-154 
These points o are therefore given by 

%^'=log~^' +0154 



Therefore putting 



l^S^pT =^^^S T>^ +0*154 



p3 p 

A=-i™, B= 



log A= log A^+0*154 
log B= log B^+0*154 

and by the values of A^ and B^ previously ascertained (Art. 33, p, 971), 

logA=8-8311 A=67,700,000 

log B=:2-598 B= 396-3 

We thus have for the equation to the curves corresponding to the upper straight 
branches 

And if n have the value 1 or 1*722 according as either member of this equation 

is < or > 1 the aquation 

.D3 ._ /BBvV 

P2*^ — 

is the equation to a curve which has for its logarithmic homologue the two straight 
branches intersecting in o, and hence gives tlie law of pressures and velocities, except 
those relating to velocities in the neighbourhood of the critical point, and these are 
seldom come across in practice. 

By expressing ?^ as a discontinuous function of B^-z^ the equation may be made to 

fit the curve throuofhout. 

38. The effect of temperatitre. — It should be noticed that although the range is 
comparatively small, still the displacement of the critical point in Tables III. and IV. 
is distinctly marked. The temperatures were respectively 9° C, 5° C 

At 9^ log P-i = 0-12093 
At 5^1ogP-i== 0-06963 
DiflPerence = -05130 
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This should be the differences in the values of log Vc in Tables III. and IV. The 
actualdifference is •OS'i. Also the differences in logic should be the differences in 
P^ or •10260, whereas the actual difference is '121. 

The errors correspond to a difference of about 1° C, which is a very probable error. 

It would be desirable to make experiments at higher temperature, but there were 
great difficulties about this which caused me, at all events for the time; to defer the 
attempt. 

Section IV. 

Application to Darcy's experiments. 

39. Darcy's experiments, — The law of resistance came out so definitely from my 
experiments that/ although beyond my original intention, I felt constrained to examine 
such evidence as could be obtained of the actual experimental results obtained by 
previous experimenters. 

The lower velocities, up to the critical value, were found, as has already been shown 
(Art. 35), to agree exactly with Poiseuille's formula. 

For velocities above the critical values the most important experiments were those 
of Darcy-— approved by the Academy of Sciences and published 1845 — on which the 
formula in general use has been founded. Notwithstanding that the formula as pro- 
pounded by Darcy himself could not by any possibility fit the results which I have 
obtained, it seemed possible that the experiments on which he had based his law might 
fit my law. A comparison was therefore undertaken. 

This was comparatively easy, as Daroy's experimental results have been published 
in detail. 

Altogether he experimented on some 22 pipes, varying in diameter from about the 
size of my largest, O'^- 00 14 up to O'^'b, They were treated in several sets, according 
to the material of which they were composed— wrought iron gas pipes, lead pipes, 
varnished iron pipes, glass pipes, new cast iron and old rusty pipes. 

The method of experimenting did not differ from mine except in scale, the distance 
between Darcy's gauge points being 50^ instead of 5 feet in my case. The great 
length between Darcy's gauge points entailed his having joints in his pip^s between 
these points, and the nature of his pipes was such as to preclude the possibility of a 
very uniform diameter. His experiments appear to have been made with extreme 
care and very faithfully recorded, but the irregularity in the diameters, which appears 
to have been as much as 10 per cent., and the further irregularity of the joints, 
preclude the possibility of the results of his experiments following very closely the law 
for uniform pipes. Another important matter to which Darcy appears to have paid 
but little attention was temperature. It is true that in many instances he has given 
the temperature, but he does not appear to have taken any account of it in his discus- 
sion of his results, although it varied as much as 20° C. in the cases where he has given 
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it, and as his pipes, 300 metres long, were in the open air, the effect of the sun on the 
pipes would have led to still larger differences. 

The effect of these various causes on his results may be seen, as he took the pre- 
caution to use two pressure gauges on separate lengths of 50"^ of his pipes, and the 
records from these two gauges by no means always agree, particularly for the lower 
velocities. In one case the results are as wide apart as 15 and 7, and often 10 
or 15 per cent. In ariivixig at tabular values for i he has taken the mean of the 
two gauges. 

Taking these things into account, I could not possibly expect any close agreement 
with my results ; still, as experiments on pipes of such large diameters are not likely 
to be repeated, at any rate with anything like the same care and success, they offered 
the only chance of proving that my law was general. 

40. Reduction of the experimental results. — Kejecting all the experiments on rusty 
and rough pipes, i.e., selecting the lead, the varnished, the glass, and new cast iron 
pipes, which ranged from half-an-inch to twenty inches diameter, I had the log- 
arithmic homologues drawn. These are shown on diagram III., Plate 74, In the case 
of two of the smaller pipes the smallest velocity is well below the critical point, and 
in several of the other pipes the smallest velocity is near the critical velocity. This 
accounts for the lower ends of the logarithmic curves being somewhat twisted • for the 
remainder of the logarithmic homologues are nearly straight ; some are slightly bent 
one way and some another, but they are none of them more bent than may be attri- 
buted to experimental inaccuracy. 

The inclinations of the upper ends of the lead and bituminous pipes is 1*746, 
slightly greater than mine ; but in the cases of the glass pipes and the cast iron pipes 
the slopes are 1*82 and 1*92 respectively. 

So much appeared from the logarithmic homologues themselves, but the most 
important question was, would the curves agree with the results calculated from the 
formula 

41. Comparison with the laio of resistance. — In applying this test I was at first 
somewhat at a loss on account in some cases of the want of any record of the tempe- 
rature, and the doubt as to such temperatures as Jiad been recorded being the 
temperature of the water in the pipes between the gauges. 

The dates at which the experiments were made to a certain extent supplied the 

deficiency of temperature, the temperatures given fixing the law of temperature, so 

that the probable temperature could be assumed where it was not given. 

Assuming the temperature, the values of 

. __ P^ 

___ P 
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were calculated for each tube, using the values of A and B as already determined, 
log io and Vq are the co-ordinates of the intersection of the two straight branches of 
the logarithmic curves, so that the application of the formula to the results was simply 
tested by continuing the straight upper branches of the logarithmic homologues 
to see whether they passed through the corresponding point 0. 

The agreement, which is shown in diagram III., Plate 74, is remarkable. There 
are some discrepancies, but nothing which may not be explained by inaccnracieSj 
particularlv inaccuracies of temperature. 

42. The effect of the temperature above the critical point. — It is a fact of striking 
significance, physical as well as practical, that while the temperature of the fluid has 
such an effect at the lower velocities that, cmteris paribus^ the discharge will be double 
at 45"^ C what it is at 5"^ C, so little is the effect at the higher velocities that neither 
Darcy or any other experimenter seems to have perceived any effect at all. 

In my experiments the temperature was constant, 5° C. at the higher velocities, so 
that I had no cause to raise this point till I came to Darcy's result, and then, after 
perplexing myself considerably to make out what the temperatures were, I noticed 
the effect of the temperature is to shift the curves 2 horizontal to 1 vertical, which 
corresponds with a slope of 2 to 1, and so nearly corresponds with the direction of 
the curves at higher velocities that variations of 5"^ or 10"^ C. produce no sensible effect ; 
or, in other words, the law of resistance at the higher velocity is sensibly independent 
of the temperature, i.e., of the viscosity. 

Thus not only does the critical point, the velocity at which eddies come in, diminish 
with the viscosity, but the resistance after the eddies are estabhshed is nearly, if not 
quite, independent of the viscosity. 

43. The inclinations of the logarithmic curves. — Although the general agreement 
of the logarithmic homologues completely establishes the relations between the 
diameters of the pipes, the pressures and velocities for each of the four classes of pipes 
tried, viz., the lead, the varnished pipes, the glass pipes, and the cast iron, there 
are certain differences in the laws connecting the pressures and velocity in the pipes 
of different material. In the logarithmic curves this is very clearly shown as a 
slight but definite difference between the inclination of the logarithmic homologues 
for the higher velocities. 

The variety of the pipes tried reduces the possible causes of this difference to a small 
compass. It cannot be due to any difference in diameters, as at least three pipes of 
widely different diameters belong to each slope. It is not due to temperature. This 
reduces the cause for the different values of n to the irregularity in the pipes owing 
to joints and other causes, and the nature of the surfaces. 

The effect of the joints on the values of n seems to be proved by the fact that 
Darcy's three lead pipes gave slightly different values for n, while my two pipes 
without joints gave exactly the same value, which is slightly less than that obtained 
from Daroy's experiments. 
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Darcy's pipes were all of them uneven between the gauge points, the glass and 
the iron varying as much as 20 per cent, in section. The lead were by far the most 
uniform, so that it is not impossible that the differences in the values of n may be due 
to this unevenness. 

But the number of joints and unevenness of the tarred pipes corresponded very 
nearly with the new cast iron, and between these there is a very decided difference in 
the value of n. This must be attributed to the roughness of the cast iron surface. 

44. Description of Diagram IIL 

Diagram III.~In this diagram the experiments of Poiseuille and Darcy are 
brought into comparison with those of the present investigation. 

In consequence of the number of lines, the general aspect of the diagram is 
somewhat confused, but such confusion vanishes so soon as it is clearly perceived that 
each line of dots indicates the logarithmic homologue for some particular pipe as 
determined by experiment, reduced and plotted in exactly the same manner as for 
diagram II. ; DD and EE being exact repetitions of the logarithnaic homologue for 
pipes 4 and 5, on a somewhat smaller scale. 

It is at once apparent from diagram III. how, for the most part, the experiments 
have been well below or well above the critical values. In the small pipes of 
Poiseuille the velocities were below the critiqal values, and hence lie in straight lines 
inclined at 45^. 

The smallest pipe on which Poiseuille's experimented had a diameter of 0^014 
millim. ; only one experiment, marked A, is shown in the diagram, as the remaining 
three extended outside the range of the plate. They fall exactly on the dotted line 
through A, and do not reach the critical value. 

The same is true of all the rest of Poiseuille's experiments except those niade on a 
much larger pipe, diameter 0'65 millim., hence it is thought sufficient to plot only one, 
namely BB, 

CO shows the experimental results obtained with the pipe 0*65 millim. diameter, 
and these reach the critical value as given by the formula, and then diverge from the 
line. 

It is important to notice, however, that the points are not taken directly from 
Poiseuille's experiments, which have been subjected to a correction rendered 
necessary by the fact that Poiseuille did not measure the resistance by ascertaining 
the pressure at two points in the pipe, but by ascertaining the pressure in the vessels 
from which and into which the water flowed through the pipe, so that his resistance 
includes, besides the resistance of the pipe, the pressure necessary to impart the initial 
velocity to the water. This fact, which appears to have been entirely overlooked, had 
a very important influence on many of Poiseuille's results. Poiseuille endeavoured 
to ascertain what was the limit to the application of his law, and, with the exception 
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of Ms smallest tubes, succeeded in attaining velocities at whicb the results were no 
longer in accordance with Ms law. 

When I first examined his experiments I expected to find these limiting Yelocities 
above the critical velocities as given by my formula. In all cases, however, they 
were very much below, and it was then I came to see that Poiseuille had taken no 
account of the pressure necessary to start the fluid. 

It then became interesting to see how far the deviations were to be explained in 
this way. 

In pipes of sensible size the pressure necessary to start the fluid lies between 

V 1) 

and 1*505 



5» 



according to whether the mouthpiece is trumpet-shaped or cylindrical. Poisbuillb 
states that he was careful to keep both ends of his pipe cylindrical, hence according 
to the law for mouthpieces of sensible size, the pressures which he gives should be 

corrected by 1*505 oT- 

This correction was made, and it was then found that with all the smaller tubes 
Poiseuille's law held throughout his experiments, and with the larger pipe it held up 
to the critical value and then diverged in exact accordance with my formula, as shown 
by the line CO. 

Darcy's experiments in the case of three tubes F, G, I fall below the critical value, 
and in all these cases agree very well with the theoretical curve as regards both 
branches. 

This, however, must be looked upon as accidental, as at the lower velocities Darcy 
had clearly reached the limit of sensitiveness of his pressure gauges; thus, for instance, 
the experiment close by the letter F is the mean of two readings which are respectively 
7 and 15 ; there is a tendency throughout the entire experiments to irregularitv in 
the lower readings which may be attributed to the same cause, and this seems to 
explain the somewhat common deviation of the one or two lower experiments from 
the line given by the middle dots. 

A somewhat similar cause will explain cases of deviation in the one or two upper 
experiments, for the discrepancy in the two gauges here again becomes considerable. 

For these reasons the intermediate experiments were chiefly considered in deter- 
mining the slopes of the theoretical lines. 

These slopes were obtained as the mean of each class of tubes : — 

Lead jointed .......... 1*79 

V cbiijjoueii . . » » . t ♦ ». » « * aOjw 

V^ J-CliOO » • » « • t » > f > II « JL I tJ 

New cast iron ......... 1*88 

Cleaned pipe ......... 1*91 

"Ik lir''W'*'k, >'>J J' "ij j""^ "TT* M|(||f"«i iiWM>wi. •v-w'i .y*-wi wui* jTm ., , , 
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and then in the cases in which the temperature was given, I, J, L, M, N, the points 

having being determined by the formula, 

Log ^0 = 2 log P--3 log D — 7-851 
Log 1^0= log P- log D— 2-598 

the lines having the respective slopes were drawn through these points and in all 
cases agreed closely with the experiments. 

In the cases where the temperature was not given the values of log % and log Vq 
were calculated for 5° C, these are shown along the Hne marked *4ine of intersections 
at 5^/' through these points lines are shown drawn at an inclination of 2 to 1, which 
are the lines on which O would lie whatever might be the temperature. These with 
the respective slope lines were drawn so as most nearly to agree with the experiments, 
these intersect the lines at 2 to 1 in the points O which indicate the temperatures, and 
considering the extremely small effect of the temperature these are all very probable 
temperatures with the exception of G, H, and S, in which cases O is above the line 
for 5^ C. This indicates strongly that in these cases there must have been a small 
error, 2 or 3 per cent., in determining the effective diameter of the pipes. 

It seemed very probable that roughness in the pipes, such as might arise from 
incrustation or badly formed joints, would affect the logarithmic homologues, and for 
this reason only the smoother classes of pipes were treated ; but with a view to test 
this idea, the homologues Q and R, which related to the same incrusted pipe before 
and after being cleaned were drawn, and their agreement is such as to show that 
for such pipe the effect of incrustation is confined to the effect on the diameter of the 
pipe, and on the value o£ n which it raises to 2. This, however, was a large pipe and 
the velocities a long way above the critical velocity, so that it is quite possible that 
the same incrustation in a smaller pipe would have produced a somewhat different 
effect. 

The general result of this diagram is to show that throughout the entire range — ^ 
from pipes of '^0000 14 to 0'^5 in diameter, and from slopes of pressure ranguig from 

1 to 700,000 — there is not a difference of more than 10 per cent, in the experimental 
and calculated velocities, and with very few exceptions the agreement is within 2 or 
3 per cent., and it does not appear that there is any systematic deviation whatever. 
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